Non-standard interactions (NSI) of neutrinos with matter mediated by a scalar field would induce medium-dependent neutrino masses which can modify oscillation probabilities. Generating observable effects requires an ultra-light scalar mediator. We derive a general expression for the scalar NSI using techniques of quantum field theory at finite density and temperature and discuss various limiting cases applicable to the neutrino propagation in different media, such as the Earth, Sun, supernovae and early universe. We also analyze various terrestrial and space-based experimental constraints, as well as astrophysical and cosmological constraints on these NSI parameters, applicable to either Dirac or Majorana neutrinos. By combining all these constraints, we show that observable scalar NSI effects, although precluded in terrestrial experiments, are still possible in future solar and supernovae neutrino data, and in cosmological observations such as cosmic microwave background and big bang nucleosynthesis data. arXiv:1912.13488v1 [hep-ph] 31 Dec 2019 B Calculation of self-energy in neutrino background 29 C Calculation of thermal mass for the scalar field 30 -1 -1 The same is true for tensor NSI of the form (νασ µν ν β )(f σµν f ). 2 Eq. (1.3) is equally applicable for both light and heavy mediator, since we are dealing with coherent forward scattering of neutrinos with q 2 → 0.
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Introduction
The discovery of neutrino oscillations implies that at least two of the three neutrinos must have small but non-zero masses [1] . The global neutrino oscillation program is now entering a new era, where the known mixing angles and mass-squared differences are being measured with an ever-increasing accuracy. Next-generation of long-baseline oscillation experiments like DUNE are poised to resolve the sub-dominant effects in oscillation data sensitive to the currently unknown oscillation parameters, namely the Dirac CP phase, sign of the atmospheric mass-squared difference and the octant of the atmospheric mixing angle. These analyses are usually performed within the 3×3 neutrino mixing scheme under the assumption that neutrinos interact with matter only through the weak interactions mediated by Standard Model (SM) W and Z bosons. On the other hand, the origin of neutrino mass clearly requires some new physics beyond the SM, which often comes with additional non-standard interactions (NSI) of neutrinos with matter fermions (i.e. electrons and/or nucleons). Allowing for these NSI in neutrino production, propagation and/or detection can in principle change the whole picture and crucially affect the interpretation of the experimental data in terms of the relevant 3×3 oscillation parameters. It is, therefore, of paramount importance to understand all possible kinds of NSI effects, and to see how large these effects could be, while being consistent with other theoretical and experimental constraints. The study of NSI also opens up the possibility of using neutrino oscillations to probe the origin of neutrino mass. Following the SM interactions of neutrinos with matter via either charged-current (CC) or neutral-current (NC), which after Fierz transformation can be written in the form (ν α γ µ P L ν α )(f γ µ P f ) (with f, f ∈ {e, u, d} the matter fermions and P ∈ {P L , P R } the chirality projection operators), NSI induced by either a vector or charged-scalar mediator can be parametrized in terms of vector and axial-vector currents [2] :
where G F is Fermi's constant and the ε terms quantify the size of the new interactions. The vector component of NSI given by Eq. (1.1) or (1.2) affect neutrino oscillations during propagation in matter by providing a new flavor-dependent matter potential. The size of vector NSI is governed by the parameter ε ∼ g 2 X m 2 W /(g 2 m 2 X ), where g X and m X are respectively the coupling and mass of the mediator X, and g is the SU (2) L gauge coupling. There are two possibilities to realize experimentally observable vector NSI with ε 10 −2 : (i) heavy mediator case with m X ∼ O(100) GeV and g X ∼ O(1); and (ii) light mediator case with m X m W and g X 1 such that g 2 X /m 2 X ∼ G F , while evading the lowenergy experimental constraints. For concrete ultraviolet-complete model realizations, see e.g. Ref. [3] for the heavy mediator case and Refs. [4] [5] [6] for the light mediator case. For a recent review on different aspects of vector NSI, see Ref. [7] . For the current global status of the constraints on ε, see Ref. [8] .
On the other hand, NSI induced by a neutral scalar mediator is no longer composed of vector current as in Eq. (1.1) or (1.2), but a scalar interaction for Dirac neutrinos given by [9] 
where y f and y αβ are respectively the Yukawa couplings of the matter fermion and neutrinos to the scalar mediator φ. This cannot be converted to vector currents, and hence, does not contribute to the matter potential. 1 Instead, it appears as a medium-dependent correction to the neutrino mass term, with the correction factor ∆m ν,αβ being inversely proportional to the square of the mediator mass. As we will explicitly show below, large enough scalar NSI effect is possible only for a sufficiently light scalar mediator, 2 since we need G eff ≡ y f y αβ /m 2 φ ∼ 10 10 G F to have any observable effect for neutrino propagating in Earth with ∆m ν ∼ O(0.1m ν ). Nevertheless, this could potentially lead to significantly different phenomenological consequences in reactor, solar, atmospheric and accelerator neutrino oscillations, as well as for supernovae and early-universe neutrino interactions.
In this paper, we derive a general formula for evaluating the scalar NSI of the neutrinos which is applicable to different environments. We perform a systematic study of the scalar NSI in presence of a light scalar mediator φ. We consider both Dirac and Majorana neutrino possibilities. The main objective of our paper is to provide a general field-theoretic derivation of the scalar NSI effect at finite temperature and density, which can be applied to different environments, such as Earth, Sun, supernovae and early universe. Then we go on to derive various constraints on the couplings in Eq. (1.3) as a function of the mediator mass m φ from fifth force experiments, solar and supernova neutrino data, stellar cooling constraints from red giants (RG) and horizontal branch (HB) stars, and big bang nucleosynthesis (BBN). We have considered scalar interactions with electrons and nucleons separately to show the differences in the constraints. We find that the fifth force experiments constrain masses of φ below 0.1 eV and couplings up to 10 −24 . RG/HB stars constrain couplings up to 10 −12 for nucleons and up to 10 −16 for electrons coupling to φ. Bounds from BBN constrain couplings up to 10 −9 for the light scalar mediators. After taking into account all these constraints, we conclude that any prospects of observing scalar NSI in Earth matter have been ruled out, while these effects are still measurable with future solar neutrino data, supernova neutrino bursts or in cosmological observations of extra relativistic degrees of freedom.
The rest of the paper is organized as follows: In Sec. 2, we present a general fieldtheoretic derivation of scalar NSI and discuss various limiting cases that are applicable to Earth, Sun, supernovae and early universe. In Sec. 3, we discuss the long-range force effects of a light scalar. In Sec. 4, we summarize the current experimental constraints on the Yukawa couplings relevant for scalar NSI as a function of the mediator mass. In Sec. 5, we discuss the thermal mass of the mediator. In Sec. 6, we derive a quantum-mechanical bound on the effective in-medium mediator mass. In Sec. 7, we present our main results and discussions. In Sec. 8, we present a UV-complete model for scalar NSI. Our conclusions are given in Sec. 9. In Appendix A, we give the detailed derivation of various limiting cases for the scalar NSI discussed in Sec. 2. In Appendix B, we provide details of the calculation of the neutrino self-energy in neutrino background. In Appendix C, we present the calculation for thermal mass of the scalar mediator.
Field theoretic origin of scalar NSI
In this section we derive expressions for medium-dependent neutrino mass and energy when the neutrinos have scalar NSI with matter fermions in the propagating medium. The results derived here are equally applicable for Dirac and Majorana neutrinos. As we will see later, for observable scalar NSI it will be required that the scalar field is very light, which we assume here. Consider the interaction of fermions f and Dirac neutrinos ν with a light scalar φ, with the relevant interaction terms given by the Lagrangian:
In the case of Majorana neutrinos, the relevant Lagrangian has the form:
We shall focus primarily on the Dirac neutrinos, but essentially all of our results will apply for Majorana neutrinos as well, provided that the normalization of couplings is as in Eq.
(2.2). We shall comment on differences when they arise between the two cases.
A neutrino with four-momentum p µ propagating through matter obeys the Dirac equation given by:
In a general medium, the self energy Σ of the neutrino gets modified. We apply real time formalism of field theory at finite temperature and density in our derivations, which is manifestly Lorentz covariant [10] . With pure scalar interactions of the type given in Eqs.
(2.1) and (2.2), the neutrino self-energy takes the general form
4)
where m is the neutrino mass inside the medium, u µ is the four-velocity of the medium and a, b, c are functions of only two Lorentz scalars, viz., p 2 and p.u. In a Lorentz covariant description of field theory at finite temperature and density one introduces a medium fourvelocity vector u µ as in Eq. (2.4) obeying u 2 = 1. In real time formalism of thermal field theory, the finite temperature and density correction to self-energy of a fermion can be calculated with the help of finite temperature Green's function for a free Dirac field [10] (for applications to neutrino propagation in matter see Refs. [11] [12] [13] ): where
Here Θ is the Heaviside step function and n f (nf ) is the Fermi-Dirac distribution function for the fermion (anti-fermion) occupation number of the medium given by
where µ is the chemical potential and T is the temperature. Integrating the occupation number over all possible momentum states yields the total number density of the fermions (or anti-fermions) in the medium:
Here g f denotes the number of internal degrees of freedom and is equal to two for electrons, nucleons and neutrinos for the two different spin states.
Neutrino self-energy from tadpole diagram
The one-loop thermal self energy corrections for the neutrinos arising from Eq. (2.1) or Eq. (2.2) are shown in Fig. 1 . We first compute the one-loop neutrino thermal mass correction induced by the tadpole diagram in Fig. 1a . The Lorentz-invariant form of Σ as given in Eq. (2.4) can be conveniently evaluated by going to the rest frame of the medium, where the amplitude takes a simple form:
(2.9)
In Eq. (2.9), we can set q 2 = 0 for the momentum transfer because we are only interested in the coherent forward scattering of neutrinos in matter for NSI effect. Only retaining the finite temperature and density part of the self-energy, we obtain
Integrating over k 2 using the delta function yields the final result:
While deriving Eq. (2.11), it has been assumed that the background medium contains both fermions and anti-fermions. Thus, Eq. (2.11) is the complete expression for scalar NSI of neutrinos at any finite temperature and density in a background without neutrinos. We have provided details of evaluating the integral of Eq. (2.11) in various useful limits in Appendix A. Note that the scalar NSI of Eq. (2.11) appears as a medium-dependent mass of the neutrino. The relevant integral can be evaluated analytically in the high temperature as well as low temperature regimes. We find:
If the medium does not contain either fermions or anti-fermions of a certain type, the corresponding number density should be set to zero in the final result. If the background has more than one type of fermion, the various contributions should be added. Eq. (2.12) for µ, T m f is the non-relativistic limit for the scalar NSI expression and matches the result stated in Ref. [9] . It is most useful in case of Earth and Sun. The limiting case Eq. (2.13) is useful for relativistic medium backgrounds as with electrons in supernovae. For effect of scalar NSI in the early universe, Eq. (2.14) is the most relevant. Detailed application of these results is carried out in Sec. 7.
Neutrino self-energy in a neutrino background
There is another important diagram that might contribute to effect of neutrino propagation in a medium, as shown in Fig. 1b . This diagram contributes to neutrino self-energy only in media with a neutrino or an anti-neutrino background. This situation is realized in early universe cosmology. Here we evaluate the contribution of Fig. 1b in such a background. Again using the real-time formalism of thermal field theory, we can write this contribution for a Dirac neutrino as:
where we have used the finite temperature Green's function for a free bosonic field given by:
with the Bose-Einstein distribution function given by
noting that the chemical potential of the real scalar field φ is zero. We have carried out the evaluation of the self energy integral of Eq. (2.15) in Appendix B; here we summarize our main results. The contribution of Eq. (2.15) can be written as
with J identified as the integral of Eq. (2.15), except for an overall factor, and can be decomposed as we find
It is clear that the coefficient c contributes to the neutrino mass in the medium. But this effect is negligible in our case, because there is no 1/m 2 φ enhancement. There is also a matter potential that is caused by the neutrino self-interactions. To arrive at it we examine the pole in the neutrino propagator:
where
S ν is then obtained in terms of A and B as
We define energy and momentum of the neutrino in the rest frame of the medium as [12] 
The pole in the neutrino propagator of Eq. (2.25) occurs at energy values given by
The energy shift for neutrinos is thus B/(1 − A), while the shift in antineutrino energy is −B/(1 − A). For significant regions of the Yukawa couplings y αβ and y f , the scalar φ does not get thermalized. In this case, there is no φ background and the term proportional to Γ φ (k−p/2) should be set to zero. We present our results in this case here. The contribution from Σ ν αβ can then be written as:
(2.28) We defer the details of evaluating this integral to Appendix B. Here we present the results in the high temperature limit, assuming that the chemical potential is vanishing. This condition is generally true in the early universe when neutrinos propagate in a background of neutrinos. Furthermore, we set the neutrino mass to be zero, which is a consistent approximation as the medium-induced m ν is proportional to the original m ν . In the absence of neutrino mass, we can set p 2 0 −|p| 2 = 0. Under these conditions, our results are as follows:
Here ζ (−1) = −0.165421 is the derivative of Riemann zeta function evaluated at argument equal to −1. Using these results along with Eq. (2.27), we arrive at the energy shift experienced by the neutrino in a background of neutrinos:
While we do not use these results explicitly in our analyses, these are part of the neutrino scalar NSI which may find use in early universe cosmology where there is a thermal background of neutrinos.
Long-range force effects
A light scalar coupling to fermions can lead to long-range forces. This applies to charged fermions as well as neutrinos propagating through a medium. Even when the neutrino propagates outside of the medium, such long-range forces can affect its propagation. Thus, calculating the neutrino energy using point interactions with a very light mediator does not provide a complete picture. In this section, we sketch a heuristic derivation to account for these long-range force effects. Long range effects in non-relativistic media has been studied in Ref. [14, 15] . Here, we have extended the analysis for all background media, i.e. both non-relativistic and relativistic cases. This will be especially useful in relativistic media such as in supernovae and in early universe. We use the Euler-Lagrange equations for the Lagrangian in Eq. (2.1) to obtain equations of motion for ν and φ:
As can be seen from Eq. (3.1), the interaction vertex y αβ ν α φν β leads to an extra contribution to neutrino mass:
To calculate the mass correction for a neutrino propagating in a medium, we will need to calculate the expectation value of the operators at finite temperature and density, appearing in Eqs. (3.1) and (3.2) . For a medium in thermal equilibrium with fermion number density N f and anti-fermion number density Nf can be represented as a Fock state |Ψ . This state contains information about particle and anti-particle distribution in different momentum states. Since the system is assumed to be in thermal equilibrium, the fermion and anti-fermion density in each momentum state does not change in time. Thus, we can set t = 0 and the state |Ψ is normalized, i.e, Ψ|Ψ = 1. The field operators for the fermion and anti-fermion fields can be written as [16] :
We need to calculate the expectation value of the operatorf f . While trying to interpret these quantities classically, we first need to normal order the product of the quantum fields:
where we have used A = Ψ|A|Ψ for brevity and the symbol : : signifies normal ordering of the product. In Eq. (3.6), terms like a † b † and a b vanish, since they cannot be contracted because they act on different subspaces. It is well known from quantum field theory at zero temperature that a † a and b † b are the number operators for fermions and anti-fermions respectively. This can be generalized to finite temperature and density using the Fermi-Dirac distribution:
Eq. (3.7) can be understood by integrating it over all momentum states which yields the total number density N f :
Using the normalization of states u s (p)u s (p) = 2m f , we obtain:
Converting Eq. (3.10) into an energy integral, we have: Considering y ff f as a source term and neglecting the second term assuming low neutrino number density, we can write the solution as:
Under assumptions of spherical symmetry of the medium, integrating over the angular variables yields the solution of the form:
(3.13) We will work out Eq. (3.13) in the relativistic limit for two different density profile distributions, as discussed below. While we do not use these analytic results in our numerical analysis, these special cases can give insight. We use actual density profiles of the Sun and supernovae in our numerical calculations, integrating the relevant integrals exactly.
Constant density distribution
For a relativistic medium like electron background in supernova, the quantity f f takes the form:
Given a constant density distribution such that
where R is the radius of the constant-density spherical body. Plugging the f f in Eq.
(3.13) yields a general form for scalar NSI in relativistic media with µ > m f T :
For number density profile in consideration, the above equation yields:
Note that the pre-factor in Eq. (3.16) matches the scalar NSI contribution calculated in Eq. (2.13) assuming point contact interaction. For the non-relativistic case our formalism gives the same result derived in Ref. [15] and given below:
where the functions (F < , F > ) are identical to the ones in Eqs. (3.19) and (3.20) .
Exponential density distribution
Given a relativistic medium (µ > m f T ) with the following number density profile:
where R is the radius of the spherical body in consideration, Eq. (3.16) yields:
Similar analyses can be done for other relativistic cases such as for early universe cosmology (µ < m f < T ) albeit with a different pre-factor. For an exponential density distribution with a cut-off in the non-relativistic case we obtain:
where we can obtain the functions K < and K > by replacing λ → 3λ 2 in G < and G > respectively, i.e., K(λ) >(<) = G(3λ/2) >(<) . This expression is in full agreement with the result of Ref. [15] .
Experimental constraints on couplings
In this section we explore two specific scenarios:
(i) scalar φ coupling only to electrons and neutrinos.
(ii) scalar φ coupling only to nucleons and neutrinos.
Here neutrinos can be either Dirac or Majorana in nature. In this section, we discuss experimental constraints on the couplings and mass of φ in the aforementioned scenarios.
In accordance to Eq. (2.1), the scalar coupling to electron is denoted by y e . On the other hand, the scalar coupling to quark cannot be probed directly but only measurable through their effect with scalar-nucleon interaction. Thus, we present the experimental constraints on scalar-nucleon coupling labeled as y N . The conversion from quark level couplings y q to y N is discussed later in Sec. 4.1.4.
Constraints on y e and y N
Anomalous electron magnetic moment
A scalar coupling with the electrons will contribute to the electron anomalous magnetic moment (g − 2) e given by [17] :
There is currently a 2.4σ discrepancy between the experimentally-inferred value and SM prediction for ∆a e = a exp e − a SM e = (−88 ± 36) × 10 −14 [1] . A light scalar can potentially make this discrepancy worse, as it gives a positive contribution, and thus provides a useful limit on scalar NSI parameters. Using the 3σ value for the ∆a e , the allowed region in the y e − m φ plane is obtained. This constraint is shown in Figs. 3 and 5 , labeled as (g − 2) e . This constraint yields an almost constant upper bound of y e < 3.4 × 10 −6 for light scalar mediators.
Fifth force experiments
These experiments measure the presence of fifth forces as deviation from the Newtonian gravitational potential between a given source mass and a test mass, which is parametrized as follows:
Given an interaction vertex of the form y ff φf as in Eqs. (2.1) and (2.2), consider the scattering of two distinguishable fermions in the non-relativistic limit. The corresponding Yukawa potential for the interaction is given by (see Sec. 4.7 of Ref. [16] ):
where r is the distance between the scattering particles. For experiments detailed in Refs. [18] [19] [20] [21] [22] [23] in the range λ = 10 −6 to 10 2 m, the constraints provided on α in Eq. (4.2) are not directly applicable to y f in Eq. (4.3). In our case, assuming a particle (e.g. lepton, quark) couples to the scalar mediator with strength q and each interacting body contains N number of these particles, the potential between two extended bodies can be written as:
We identify the inverse of the length scale λ as mass of the scalar particle φ. Thus, we have:
where we have used the relation m = N Au (A= mass number, u = 1 atomic mass unit) and G is the gravitational constant. For bounds on y e , the coupling strength will be proportional to the lepton number (L) or atomic number (Z), i.e., q = Zy e , leading to
Values for charge to mass number ratio for test and source masses can be obtained from the experimental setups as given in Table 1 . These are shown in Figs. 3 and 5 by the labels I to VII. Similar results follow for coupling to the nucleons y N by replacing the atomic number by mass number. This implies that constraints on y N will be independent of the material used in the experiment, as shown in Figs. 4 and 6.
Label
References
Source 
Additional constraints on y e and y N can be directly obtained from Ref. [24] which used experiments in the range λ = 10 −1 to 10 13 m and the corresponding limits on
This constraint is labeled as "Torsional Balances" in Fig. 3, 4 , 5, and 6. It can be seen from these figures that fifth-force experiments constrain both couplings y e and y N with an upper bound in the range 10 −25 − 10 −15 for m φ < 0.1 eV.
Constraints from Stellar and Supernova Cooling
φ − e coupling: The production of the light scalar φ in stellar bodies can lead to a new channel for energy loss leading to rapid cooling. This can help severely constrain the interaction of scalar with electrons. The dominant production of this scalar is via its resonant mixing with the longitudinal component of the photon in the plasma [25] . The extra energy loss processes in red giants (RG) can delay their onset of helium ignition and can change the helium-burning lifetime of the horizontal branch (HB) stars, in disagreement with the stellar models that match observations. For bounds from supernova, the energy loss from production of scalar is required to be less than that of SN1987A neutrino burst. The energy loss rate from resonant production of scalar with plasmon is given by [25, 26] Q res ω L 4π
where ω L is the resonant frequency and Π φL is the mixing of the scalar with the longitudinal component of the photon in the medium, given by
9)
where v = p/E p is the electron velocity, m eff e is the effective thermal mass of the electron and k = ω 2 L − m 2 φ is the 3-momentum of the scalar mediator φ, where E φ = ω L due to the resonant production of scalar. Ref. [26] considers the resonant production process as dominant over the Compton scattering or electron-ion interactions.
For large values of the coupling, the scalar can get trapped inside the star/supernova. This capture would help alleviate the stringent upper bound on the coupling y e . To derive the trapping limit, the detailed balance of production and absorption rates is used, i.e.,
(4.10)
Since we are only interested in ultra-light mediators with m φ < 1 MeV, the absorption through the decay channel φ → e + e − is absent for our purposes. Thus, the absorption rate from the resonant mixing yields a mean free path length λ given by:
By requiring the mean free path to be shorter than R = 10 km, which is the typical size of a supernova core, we derive a bound on the coupling y e , as shown in Figs. 3 and 5, labeled "SN1987A". In case of SN1987A, constraints on y e range from 10 −9 to 10 −7 for scalar mediators lighter than electron. Even stronger constraints are obtained from HB/RG stars with an upper bound of y e ∼ 10 −15 for light scalar mediators.
φ − N coupling : The constraints are similar to the φ − e coupling case. In HB and RG stars with typical temperatures of 10 keV, the main constraints for scalar coupling to nucleon in the literature are derived using Compton scattering, γ + He → He + φ, as the dominant process. It is required that the new energy loss per unit mass should be less than < 10 erg/g/s [27] . As shown in Ref. [25] , resonant production through φ mixing with photon can increase the energy loss for low scalar masses and therefore are highly constrained.
The constraints from supernova comes from scalar production through bremsstrahlung process N + N → N + N + φ [28] . Bounds on coupling can be obtained by requiring the energy loss to be less than the energy contained in the neutrino burst, i.e., < 10 19 erg/g/s [27] . Similarly, the trapping regime of the scalar being reabsorbed can be derived using the detailed balance between the absorption and production rates. Requiring the mean free path λ ∝ ρ/T 4 to be smaller than 10 km yields the constraint on y N [26] , as shown in Figs. 4 and 6 .
In case of SN1987A, constraints on y N range from 10 −10 to 10 −7 for scalar mediators lighter than electron. Similar to y e , stronger constraints are obtained from HB/RG stars with an upper bound of y N ∼ 10 −12 for light scalar mediators.
Meson decays
A light scalar coupling to nucleons can be produced in meson decays. The only process of interest in this case is charged Kaon decay to charged pion and the scalar:
This production cross section is highly constrained from the measurement of branching ratios from charged Kaon decay : Br (K + → π + νν) < 1.7 × 10 −10 [1] .
Using the low-energy effective Lagrangian formalism presented in Ref. [29] , the branching ratio for the process in consideration is given by
Matching the nucleon level interaction to the effective Lagrangian: 13) where N = p, n, the nucleon coupling y N can be written in terms of fundamental quark -level couplings y u (y d ) as :
where g q S is the nucleon scalar charge. We assume that the scalar couples equally to the up and down quark i.e. y u = y d . The effective nucleon couplings to scalar is then given by
where we have used g u S = 5.20 and g d S = 4.27 [30] . This constraint is labeled as "K + → π + φ" in Figs. 4 and 6. It yields an almost constant upper bound of y N ∼ 2.3 × 10 −5 for light scalar mediators.
Big Bang Nucleosynthesis
φ − e coupling: In early universe, the scalar mediator φ can be in thermal equilibrium with the SM particles through annihilation (e + e − → γφ) and Compton scattering (e − γ → e − φ). In the limit s m 2 φ , m 2 e , the cross sections for these processes are [26] where α e ≡ e 2 /4π is the fine-structure constant. The thermally averaged cross section for these two processes are given below:
If φ enters equilibrium with electrons before T ∼ 1 MeV, it can decrease the deuterium abundance which is in conflict with observations [26] . In our case, the mediator thermalizes if the thermally averaged cross section exceeds the Hubble expansion rate H(T ) ∼ 1.66 √ g * T 2 /M Pl (where g * is the number of relativistic degrees of freedom and M Pl is the Planck mass) at T = 1 MeV. This yields an upper bound of y e = 5 × 10 −10 for ultra-light scalar mediators, independent of m φ .
φ − N coupling : In this case, we require that the scalar φ thermalizes around QCD phase transition temperature. This will help dilute the relativistic degrees of freedom (N eff ) until the nucleosynthesis phase is reached. Otherwise, the scalar φ will be in equilibrium with SM and will have a significant contribution to relativistic degrees of freedom (∆N eff = 4/7) at the time of BBN, in tension with the current measurements from Planck [31] . Thus, we require that the interaction rate should be lower than the Hubble rate at T = 200 MeV. We can estimate the rate of φ production from the processes like uū → φ (and dd → φ) 
Experimental Constraints on y ν
Dirac ν − φ coupling: The analysis in this case is similar as for the φ − N coupling. We require that the scalar φ and right-handed neutrinos should decouple from the plasma at a temperature above the QCD phase transition temperature which will dilute the ∆N eff = 3 + 4 7 ∼ 3.57 by the time BBN occurs, in agreement with the currently allowed range from Planck [31] . Thus, requiring that the interaction rate of processes like νν → φ should be lower than the Hubble rate at T = 200 MeV yields an upper bound of y ν ∼ 2.6 × 10 −10 .
Majorana ν − φ coupling: Presence of NSI can lead to re-thermalization of the neutrinos, which otherwise decouple at T ∼ 1 MeV in the standard scenario. This can leave a signature in the cosmological observables. The analysis in Ref. [32] constrains the couplings in the secret interaction of neutrinos with a light mediator. Assuming model independence, we use the upper bound on coupling y ν from Ref. [32] , which yields a stringent limit of y ν < 2 × 10 −7 .
Thermal mass of scalar φ
If the interactions of the scalar φ with the medium are significant enough, then it might get thermalized with the medium. Since the scalar field in consideration is ultra-light, medium effects might lead to substantial correction to the vacuum mass of the φ. The medium induced mass at one-loop is shown in the Feynman diagram in Fig. 2 . The relevant contribution to the mass of φ at finite density and temperature is given by: We refer the reader to Appendix C for the evaluation of the scalar mass integral. In the limit m φ → 0, the mass correction for scalar is found to be:
where we have used the result for the same integral appearing in Eq. (2.11) in the hightemperature limit. Eq. (5.2) will be relevant to deriving neutrino self-interaction limits from early universe cosmology. It has been found that CMB anisotropy data constrain such interactions to be (y 2 ν /m 2 φ ) ≤ (3 MeV) −2 (for m φ > 1 keV) [33] . If the scalar field indeed thermalizes with the medium, which occurs for y ν ≥ 10 −10 or so, then one should use the thermal mass of φ, Eq. (5.2) in this constraint, which can weaken the constraint significantly. In cosmological simulations involving a light scalar, the thermal mass effects of Eq. (5.2) should be included. Such interactions may be testable in future CMB and large-scale structure observations through the thermally induced mass in such settings.
In this limit for ∆m 2 φ , the scalar NSI expression Eq. (2.11) takes a special form:
Note that Eq. (5.3) is independent of the scalar mass m φ . This scenario may be realized in supernovae, provided that φ has significant interactions with matter. From discussions in Sec 
Quantum-mechanical bound on light scalar mass
Here we show that the uncertainty principle of quantum mechanics sets a lower limit on the minimum q 2 that appears in neutrino forward scattering. This limit applies to neutrino propagating through Earth, where it interacts either with electrons in atoms, or with nucleons inside the nuclei. This limit is not applicable to Sun or supernovae, where the temperature of the medium is too high that there are no bound atoms/nuclei.
Consider ν α − e elastic scattering. Working in the rest frame of the electron, the initial and final four-momenta of the electron can be written as p µ = (m e , 0, 0, 0) , p µ = ( p 2 e + m 2 e , 0, 0, p e ) , (6.1)
where p is the recoil momentum of the electron. The q 2 related to coherent forward scattering is then
where in the second step q 2 m 2 e is assumed. Now, the recoil momentum of the electron is subject to the uncertainty relation. Its position is not precisely known inside the atom, so we have ∆p ∆x .
When we set q 2 = 0 in the computation of forward scattering, we only know this up to an uncertainty in q 2 given by
(6.4)
Using ∆x = 140 × 10 −8 cm, which is the radius of 26 Fe -the most abundant element in Earth's matter, one obtains for the uncertainty in q 2 to be
Thus, when the mediator mass becomes much smaller than 14 eV, one should use this quantum mechanical cut-off in computing scalar NSI. Similarly for coupling to nucleon, the cut-off would be given by the inverse of the nuclear radius of 26 Fe. Using nuclear diameter ∆x = 9.6 fm, we obtain
These rough quantum-mechanical bounds can be better motivated by using atomic/nuclear form factors for coherent forward scattering. In Earth, the expression for scalar NSI will get modified with the inclusion of a form factor.
The original result in Eq. (2.12) was obtained by setting q 2 = 0 and F (m 2 φ ) = 1, but if the mass of the scalar m φ → 0 then the denominator is not well-defined. This is remedied by the atomic form factor F (m 2 φ ) which is of the form [34] :
where q 0 = 1/4πa 0 and a 0 is the radius of the first orbit for hydrogen-like atoms. Similar qualitative results should apply for the outermost-orbit electrons in 26 Fe. For high values of m 2 φ q 2 0 , F (m 2 φ ) ∼ 1 as expected. Thus, the vanishing q 2 limit is well-defined and yields the original result in Eq. (2.12). Difference appears in the regime m 2
The form of Eq. (6.7) in the low m φ limit and with q 2 → 0 is thus given by:
which is independent of m φ . This result agrees with the quantum-mechanical bound discussed above based on the uncertainty principle. When a scalar mediator couples to the electron, from fifth force constraints either the mass of the mediator should be larger than a keV, or its coupling to the electron should be extremely weak, of order 10 −24 . For such tiny couplings, to generate scalar NSI in the observable range, one could naively make the mediator mass of order 10 −8 eV. In this case, the quantum-mechanical intrinsic bound should be applied for computing forward scattering. The result is that scalar NSI arising from coupling to electrons cannot be in the observable range for neutrino propagation in Earth.
Results and discussion
We have discussed the calculation for scalar NSI and experimental constraints in previous sections. The results for different cases with scalar coupling to electron/nucleon and in case of either Dirac or Majorana neutrinos have been presented in Figs. 3, 4 , 5, 6. Here we have fixed the value of y ν at its maximum allowed value in each case, as discussed in Sec. 4.2, whereas the other Yukawa coupling (either y e or y N ) is varied, along with the scalar mass m φ .
Earth and Sun
In case of Earth and Sun, the background medium of electrons and nucleons are nonrelativistic. Therefore, the expression used for scalar NSI in these media is given by Eq. (2.12) with Nf = 0:
From the discussion in Sec. 6, when the mediator mass becomes lower than the quantum mechanical cut-off of m 0 ∼ 14 eV, m 2 0 should be used in the denominator of Eq. (7.1) in lieu of m 2 φ for Earth. This leads to the turning of the scalar NSI line in the plots for Earth. We have used N Earth e = 5.4 N A cm −3 [1] and N Earth N = 2.9 m N g cm −3 [35] , where the nucleon mass m N = 931.5 MeV and the Avogadro number N A = 6.022 × 10 23 . As can be seen from the plots, there are no prospects for observable scalar NSI to be detected on Earth in any of the four cases (Dirac/Majorana and coupling to electrons/nucleons). It can be seen from Table. 2 that highest allowed value of scalar NSI in case of Earth is around 10 −14 eV for the case of φ coupling to Majorana neutrinos and electrons.
For the case of Sun, there will also be correction to the scalar NSI from finite size of the medium in the case of light mediators masses m φ R −1 Sun as discussed in Sec. 3 and Ref. [15] . We calculate the form factor for Sun using Eq. (3.13) and the number density of electrons/nucleons, which is obtained by fitting the known solar density profile given in
Refs. [36] [37] [38] . We have used the following best fit to the number density profile for Sun: N (r) e = 111.61N A e −(4.81 r+10.21 r 2 ) cm −3 (Electron) , (7.2) N (r) N = 157.13 m N e −(6.1 r+5.2 r 2 ) g cm −3 (Nucleon) .
As can be seen from the plots, the existing laboratory and astrophysical constraints do allow for a sizable scalar NSI in the Sun, especially for m φ 1µeV where the NSI can be as large as 10 5 eV for the case of φ coupling to Dirac/Majorana neutrinos and electrons. However, this will lead to a large correction term to the solar neutrino mass, which is severely constrained by solar neutrino data. Using the χ 2 -analysis of the Borexino data from Ref. [9] , we find a 3σ upper bound on the scalar NSI in Sun: ∆m Sun 7.4 × 10 −3 eV, as shown by the yellow shaded region in Figs. 3, 4 , 5, and 6. This still leaves some room for observable scalar NSI effects in future solar neutrino data, especially for ultra-light scalar mediators. Note that very small coupling values for which y 2 f Gm 2 ν = (m ν /M Pl ) 2 ∼ 10 −30 are disfavored by the weak gravity conjecture [39] which suggests gravity as the weakest force in nature.
Supernovae
In the case of supernovae with a typical core temperature T ∼ 30 MeV, the electron background is relativistic while the nucleon background can be essentially treated to be at rest. Thus, there are two different expressions to be used [cf. Eqs. (for electron) . (7.5) Similar to the case in Sun, there will be correction to the scalar NSI in supernova from the finite size of the medium. Therefore, we numerically integrate Eq. (3.13) to obtain the form factor for a realistic supernova density profile. We use the fiducial model parameters from Ref. [40] given below:
where ρ c = 3 × 10 14 g cm −3 is the density at core radius R c = 10 km , k ρ = 0.2 and η = 5.
Assuming the medium to be electrically neutral and using a proton fraction Y p = 0.3, we can obtain the number density for electrons from ρ(r Scalar NSI produced in supernova cannot be arbitrarily high. If it becomes too large, then neutrino production would be affected in direct conflict with observations from SN1987A. For typical supernova core temperature around T 30 MeV, we constrain the scalar NSI to be less than 5 MeV [15] , so that 10-MeVish neutrinos could be detected on Earth from SN1987A. In the plots, this bound is shown as a dashed line marked ∆m SN > 5 MeV. In any case, we find that sizable scalar NSI can still be observed in supernovae, while being consistent with all other constraints.
UV-complete model for scalar NSI
In this section we sketch possible ultra-violet completions that would induce interactions of neutrinos with a light scalar. This discussion is intended only as a proof of principle. We focus on the case of Dirac neutrinos, with a light scalar φ coupling to the neutrinos and the electron.
First we construct two effective operators that are invariant under the SM gauge symmetry. One induces couplings of the scalar φ to neutrinos and the other to the electron. These operators are
Here φ is a real scalar field, which is a singlet under SM symmetry, H = H + H 0 is the SM Higgs doublet and ψ L = ν e L is the left-handed lepton doublet. These effective operators exhibit a Z 2 symmetry (apart from lepton number) under which ν R and φ are odd, with other fields being even. φ develops a vacuum expectation value, φ = v φ ∼ 10 eV, which breaks the Z 2 symmetry. The neutrino Yukawa coupling y ν and the electron Yukawa coupling y e with the φ field are respectively given by
where v = 174 GeV is the VEV of the SM Higgs doublet. Once φ acquires a VEV, the operator (i) generates a mass term for the neutrino given by
While this may be the leading contribution, it is not required to be so, as there could be other contributions as well. In any case, this would imply an upper limit on y ν given by
The cut-off scale Λ e is expected to be at least a hundred GeV, while Λ ν may be lower.
Choosing Λ e ∼ v, we would have y e ∼ v φ /v. For y e ∼ 10 −10 , as our analysis requires for observable scalar NSI, v φ ∼ 10 eV is preferable. This in turn implies from Eq. (8.4) that y ν < 5 × 10 −3 , using m ν ≡ ∆m 2 atm ∼ 0.05 eV. y ν of course can be smaller than this value, which would be in the interesting range for observable scalar NSI.
The operators in Eq. These interactions also preserve the Z 2 symmetry with N L,R being even under it. The diagram generating operator (i) is shown in Fig. 7 , left panel. Operator (ii) is induced by integrating out a pair of vector-like leptons, E, E , both being singlets of SU (2) L and carrying hypercharge Y = −2. Their interaction Lagrangian is given by
Here E L,R are even and E L,R are odd under Z 2 . The effective operator involving electron and φ is generated by Fig. 7 , right panel.
Integrating out the heavy degrees of freedom we obtain the following effective Lagrangian terms:
These expressions can be mapped to Eq. (8.1) to identify the cut-off scales Λ ν and Λ e , and the constraints discussed in terms of the cut-off scales will apply to them. We thus Figure 7 : Explicit models generating operators of Eq. (8.1).
see broad consistency of the model. In particular, the induced neutrino mass from these interactions is not excessive and the vector-like leptons having mass of order few hundred GeV is consistent with collider data. Note that breaking the Z 2 at a scale of order 10 eV does not cause cosmological domain wall problem, since the energy density carried by the walls is quite small. We have ignored here possible mixing between the φ and H fields since such mixing is small, of order v φ /v and is controlled by a new quartic coupling which may also be small.
Conclusion
We have performed a systematic study of scalar NSI of neutrinos with matter due to a light scalar mediator. First, a general field-theoretic derivation of the scalar NSI formula is given, which is valid at arbitrary temperature and density, and hence, applicable in widely different environments, such as Earth, Sun, supernovae and early universe. We have also extended the analysis of long-range force effects for all background media, including both relativistic and non-relativistic limits. Using these results and applying various experimental and astrophysical constraints, we find that observable scalar NSI has been precluded in terrestrial experiments, primarily due to atomic form factor effects, which can also be understood from simple quantum-mechanical uncertainty principle. Nevertheless, sizable scalar NSI effects are still possible in the Sun, supernovae and early universe environments, which could be detected in future solar and supernova neutrino data, as well as in the form of extra relativistic species (∆N eff ) and neutrino self-interactions in cosmological observations. We have also presented examples of UV-complete models that could give rise to such scalar NSI effects.
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Again using Eq. (A.10) in Eq. (A.7) and retaining only the n = 1 term we get: 
B Calculation of self-energy in neutrino background
Here we evaluate the neutrino self-energy arising from a neutrino background as given in Eq. (2.28). We can rewrite the delta function in Eq. (2.28) as follows:
Using kinematical arguments and | cos θ 0 | ≤ 1, we find the range for k 0 and |k| 2 : 
